We prove the vanishing of the Dolbeault cohomology groups on Hermitian manifolds with dd c -harmonic Kähler form and positive (1, 1)-part of the Ricci form of the Bismut connection. This implies the vanishing of the Dolbeault cohomology groups on complex surfaces which admit a conformal class of Hermitian metrics, such that the Ricci tensor of the canonical Weyl structure is positive. As a corollary we obtain that any such surface must be rational with c 2 1 > 0. As an application, the pth Dolbeault cohomology groups of a left-invariant complex structure compatible with a bi-invariant metric on a compact even dimensional Lie group are computed.
Introduction and statement of the results
In [14] Hitchin has proved that a Spin c -structure with determinant bundle L on a Kähler manifold M does not admit harmonic spinors if the following positivity condition is satisfied: the scalar curvature s ≥ 2 |λ i |, with strict equality at some point. Here λ i are the eigenvalues of the curvature form of the chosen unitary connection on L, considered as a skew-symmetric endomorphism of the tangent bundle. As shown in [14] , when the Spin c -structure is the canonical one and the Ricci tensor is positive, the above result implies the vanishing of the Dolbeault cohomology groups H p (M, O), thus rediscovering the Bochner-Kodaira vanishing theorem.
On the other hand, any Hermitian manifold (M, g, J) carries a unique Hermitian connection with totally skew-symmetric torsion, the Bismut connection (cf. [4, 11] ). A Hermitian manifold equipped with the Bismut connection is also called Kähler with torsion or KT manifold, see e.g. [16] . KT manifolds arise in a natural way in physics as target spaces of (2,0)-supersymmetric sigma models with Wess-Zumino term (torsion) [7, 15] (see also [18] and the references there). A characterization of KT manifolds in terms of the properties of a two form is given in [16] . KT structures on compact Lie groups and on compact homogeneous spaces are presented in [21] and [18] respectively.
The purpose of this note is to find conditions expressed in terms of the Bismut connection, which imply the vanishing of the Dolbeault cohomology groups on Hermitian manifolds. In Lemma 4.1 we give a slight modification of the Lichnerowicz type formula for the Dolbeault operator, proved by Bismut [4] . As an application we obtain the following theorem: In the 4-dimensional case, i.e. when n = 2, the condition dΩ = θ ∧ Ω is always satisfied. When n > 2 this condition means that the Lee form θ is closed and the manifold is locally conformally Kähler. Note that for n > 2 it is not possible to have simultaneously dd c Ω = 0 and dΩ = θ ∧ Ω on a compact manifold, except in the Kähler case (see Remark 1 below). A particular subclass of locally conformally Kähler manifolds is formed by the generalized Hopf manifolds, the non-Kähler Hermitian manifolds whose Lee form is parallel with respect to the Levi-Civita connection. For locally conformally Kähler manifolds we prove 
Preliminaries
Let (M, g, J) be a 2n-dimensional (n > 1) Hermitian manifold with complex structure J and compatible metric g. Let Spin c (M ) be the canonical Spin c -structure on (M, g, J), i.e. the Spin c -structure whose determinant bundle is the anticanonical bundle K −1 . Let Σ be the space of spinors. Then we obtain the Clifford module Spin c (M ) × Spin c (2n) Σ and as is well known it is isomorphic to Λ 0,• M , the bundle of (0, p)-forms. Locally we can chose a square root K 1 2 of K and let ΣM be the bundle of spinors corresponding to K 1 2 (cf. [14] ). Thus locally
We shall denote the Clifford product of a form α ∈ Λ • M and ψ ∈ Λ 0,• M by αψ.
Let Ω be the Kähler form of (M, g, J), defined by Ω(X, Y ) = g(X, JY ). Denote by θ the Lee form of (M, g, J), θ = The connections we shall use in the sequel are the Levi-Civita connection ∇ L , the Chern connection ∇ C , the Bismut connection ∇ B and the Weyl connection ∇ W . Below we briefly recall some of their properties, which we shall need.
The Chern connection is given by
Restricted to T 1,0 M it coincides with the canonical connection of this holomorphic bundle.
The Bismut connection is given by
. This connection has been used by Bismut in [4] to prove a Lichnerowicz type formula for the Dolbeault operator. It is one of the canonical Hermitian connections (cf. [11] ) and in the set of all Hermitian connections it is characterized by the fact that it is the only connection with totally skew-symmetric torsion.
The canonical Weyl connection determined by the Hermitian structure of M is the unique torsion-free connection
The canonical Weyl connection is invariant under conformal changes of the metric, since if g = e f g, then θ = θ + df . We have
We shall denote by Ric W (X, Y ) the symmetric part of the Ricci tensor tr{Z −→ R W (Z, X)Y } of ∇ W (it is easy to see that its skew-symmetric part is equal to n 2 dθ). The canonical Weyl connection preserves the complex structure iff dΩ = θ ∧ Ω (2.5) (cf. [23] ). The condition (2.5) is always satisfied in dimension 4. In higher dimensions it means that the manifold is locally conformally Kähler and in particular, dθ = 0. A 4-dimensional manifold is locally conformally Kähler when dθ = 0.
The Chern and Bismut connections preserve the Hermitian structure. Hence, they induce unitary connections on K −1 with curvatures iρ C and iρ B , where
is the Ricci form of ∇ C , and the Ricci form ρ B of ∇ B is defined similarly. Here and henceforth {e 1 , e 2 , ..., e 2n } is a local orthonormal frame of the tangent bundle T M and for the curvature we adopt the following convention:
By (2.2) and (2.3) we obtain
Hence,
In the following we shall denote by < ., . > and |.| the pointwise inner products and norms and by (., .) and . the global ones respectively.
The trace of ρ C , denoted by 2u in [10] , is defined by
As proved in [10] ,
where s is the scalar curvature of g. Let the trace of ρ B be
By (2.7) we have
Hence, by (2.9) and (2.10) we obtain
and it follows from this equality and (2.8) that
In the sequel we shall need also the following equalities, which are obtained by direct computations:
Remark 1: Recall that a Hermitian manifold is called balanced [17] (or semi-Kähler, cf. e.g. [9] ) iff its Lee form vanishes identically. It follows from (2.13) that any balanced Hermitian manifold with dd c Ω = 0 is Kähler. By (2.13) and (2.14) it is also clear that it is not possible to have dd c Ω = 0 and dΩ = θ ∧ Ω simultaneously on compact Hermitian non-Kähler manifolds, except when n = 2.
By choosing a metric connection on the tangent bundle T M and a unitary connection on the determinant bundle K −1 we obtain a connection on Spin c (M ) and hence a unitary connection on Λ 0,• M . We shall denote the connections obtained in this way by ∇ with two upper indices: the first denoting the connection on T M and the second one the connection on K −1 . For example, ∇ L,C is the connection obtained from the Levi-Civita connection on T M and the Chern connection on K −1 .
From (2.6) and (2.3) we obtain respectively
Here ι X denotes the interior multiplication operator.
Using the local formulae (2.15), (2.16) and (2.1), we get
Vanishing of the plurigenera
Recall that for m > 0 the m-th plurigenus of a compact complex manifold M is defined by
The following result is a consequence of Gauduchon's plurigenera theorem [9, 10] . and the inequality (3.21) is strict if (3.20) is strict or θ is not identically zero. Hence, in this case the assertions of the proposition follow from Gauduchon's plurigenera theorem [9, 10] . It is well known (see e.g. [3] ) that under a conformal change of the metric g = e f g the scalar curvarures of g and g are related by
where the norm and the Laplace operator are with respect to g. Using this equality and the fact that d * θ = 0, we get the following relation between the traces of the Ricci forms of the Bismut connections of g and g:
Thus, if b ≥ 0, then we obtain (3.20) and this proves the proposition.
Q.E.D.
The fact that if b = 0, then p m ≤ 1, is proved by Grantcharov [13] by similar methods. He has applied it to HKT manifolds. Recall [16] that a hyper-Hermitian manifold M is called a HKT manifold if the Bismut connections of the three complex structures coincide (and hence the Bismut connections of the whole S 2 -family of complex structures coincide). Hence, the common Bismut connection preserves the hyper-Hermitian structure and thus its holonomy is contained in Sp( dim M 4 ). This implies in particular that its Ricci form is zero. Thus, applying Proposition 3.1 we obtain that on a compact HKT manifold all the plurigenera of any complex structure of the S 2 -family are less or equal to one.
Vanishing of Hodge numbers
In the following we shall denote by the Dolbeault operator
Proof: Theorem 2.3 in [4] , formulated in our notations, yields 
where
On the other hand, we have
Substituting (4.26) and (4.27) in (4.25), we obtain 
Hence, it follows from (4.23) and (4.30) that
It is clear that |d c Ω| 2 = |dΩ| 2 . Thus, using (4.31), (2.7), (2.12) and the fact that ∇ B,B coincides with ∇ B restricted to Λ 0,• M , we obtain (4.22).
Q.E.D.
We recall that a (1, 1)-form α is said to be positive (resp. non-negative) if the corresponding symmetric tensor A(X, Y ) = α(JX, Y ) is positive (resp. non-negative).
The following algebraic lemma is a direct consequence of the proof of Theorem 1.1 and Remark 2.1.3 in [14] . 
Proof of Theorem 1.1
Since dd c Ω = 0, it follows from (2.13) that |dΩ| 2 = (n − 1) 2 |θ| 2 + (n − 1)d * θ. The condition (dd c ) * Ω = 0 is equivalent to d * θ = 0. The (2, 0)-and (0,2)-forms send Λ 0,p M into Λ 0,p−2 M and Λ 0,p+2 M respectively. Thus, if ψ p ∈ Γ(Λ 0,p M ), then (ρ B ψ p , ψ p ) = ((ρ B ) (1,1) ψ p , ψ p ) , where (ρ B ) (1,1) is the (1, 1)-part of ρ B . Hence, if ψ p = 0, Lemma 4.1 yields
The trace of a 2-form is equal to the trace of its (1, 1)-part. Thus, the assertions of the theorem follow from the latter equality and Lemma 4.2 Q.E.D. Q.E.D.
The following lemma will be used in the proofs of Theorem 1.3 and Theorem 1.2. 
where (dJθ) (2,0)+(0,2) denotes the (2, 0) + (0, 2)-part of dJθ.
Proof: If (M, g, J) is locally conformally Kähler, then ∇ W locally is the Levi-Civita connection of a Kähler metric and hence r W is a (1, 1)-form. If (M, g, J) is 4-dimensional, the same is shown in [12] , formula (14) . Since ∇ W preserves the complex structure, it gives rise to a connection on K −1 . The equality (2.5) is equivalent to d c Ω = Jθ ∧ Ω, so it follows from (2.3) and (2.4) that
Let iρ W be the curvature 2-form of ∇ W as a connection on K −1 . Then (4.34) implies 
By this equality and (4.35) we obtain (4.33).
Q.E.D.
Proof of Theorem 1.2
Since Ric W is conformally invariant, we can choose in the conformal class c the Gauduchon metric g with respect to which d * θ = 0, or equivalently (dd c ) * Ω = 0. It follows from (4.33) that (ρ B ) (1,1) = r W and therefore (ρ B ) (1,1) is non-negative everywhere on M and strictly positive at some point. On 4-dimensional manifolds the condition (dd c ) * Ω = 0 is equivalent to dd c Ω = 0. Hence, we can apply Theorem 1.1 to obtain that H p (M, O) = 0, p = 1, 2. The fact that (ρ B ) (1,1) = r W implies also that b ≥ 0 and b is not identically zero. Thus, by Proposition 3.1 all the plurigenera of (M, J) vanish. So, we have that h 0,1 = 0 and p 2 = 0 and by the Castelnuovo criterion (cf. [2] ) (M, J) must be a rational surface. The positivity of c 2 1 also follows from the fact that (ρ B ) (1,1) is non-negative everywhere and strictly positive at some point.
Remark 2. From Lemma 4.4 and the main result in [12] we deduce that if on a compact Hermitian surface (M, g, J) the (1, 1)-part of the Ricci form of the Bismut connection is a scalar multiple of the Kähler form at every point on M , then (M, g, J) is conformally equivalent either to a Kähler Einstein surface or to a Hopf surface.
Proof of Theorem 1.3
Let α be a 2-form. We have
Since Ω acts on Λ 0,p M as multiplication by (n − 2p)i, we obtain
Since < Jθ ∧ θ, Ω >= |θ| 2 , using (2.10) and (4.36) we get
Thus, if d * θ = 0 and ψ p = 0, Lemma 4.1 and (2.14) yield
Hence, when n > 2 is even and p = n 2 , by Lemma 4.2 we obtain a). Suppose now that (M, g, J) is a generalized Hopf manifold. In this case
(see formula (2.8) in [24] ). Thus
It follows from Lemma 4.2 that for 0 < p < n
Hence, using (4.39) we see that if n − 2p ≥ 0, then
and if n − 2p ≤ 0, then
Substituting (4.40) and (4.41) in (4.37) we obtain
Applying Lemma 4.2 to (ρ B ) (1, 1) and using that θ = 0, we get that ψ p = 0, i.e. h 0,p = 0 for 1 < p < n − 1. Applying Proposition 3.1, we get p 1 = 0. Hence h 0,n = 0 and by Serre duality h n,0 = 0. , where f is a smooth function globally defined on M . It is easy to see using (2.3), dΩ = θ ∧ Ω and ∇ L θ = 0 that ∇ B θ = 0 and that θ (0,1) is∂-harmonic. Thus, ψ = f θ (0,1) leads to f = const and h 0,1 = 1. The vanishing of h 0,n−1 and h p,0 , p = 1, 2, . . . , n is an easy consequence from the results of Tsukada [22] , who proved that the Hodge numbers of every generalized Hopf manifold satisfy the following relations:
We also get b 1 = 1 from (4.44).
Another proof of b) in Theorem 1.3 can be obtained as follows. By (4.32) and (4.37) we have that
Hence, r W is a non-negative (1, 1)-form, i.e. Ric W is non-negative, and b) is proved applying Theorem 1.3 of [1] .
Examples

Compact Lie groups
Let G be a compact connected Lie group with Lie algebra g. Denote by g c the complexification of g. Any left-invariant almost complex structure J on G is determined by its restriction on g, or equivalently, by the subspace s ⊂ g c of (1, 0)-vectors. It is clear that
and J is integrable iff [s, s] ⊂ s, i.e. when s is a complex Lie subalgebra of g c . Such a subalgebra s is called a Samelson subalgebra [19] . Samelson [20] first constructed examples of left-invariant complex structures on compact Lie groups. The construction is as follows. Let T be a maximal torus in G, t its Lie algebra and t c the complexification of t. Suppose a set α 1 , . . . , α m ∈ t * of positive roots is chosen. Then all the roots are ±α 1 , . . . , ±α m and we have the ad(T )-invariant decomposition
Now choose an almost complex structure on t, i.e. a subspace a ⊂ t c such that
Then it is clear that
is a Samelson subalgebra of g c and hence gives rise to a left-invariant complex structure on G.
It is proved by Pittie [19] that, conversely, any left invariant complex structure on a compact Lie group can be obtained as above. We sketch a proof of this fact. Let s be the Samelson subalgebra corresponding to a left invariant complex structure J on G. Define t = {X ∈ g : ad(X)s ⊂ s}, i.e. t consists of all elements of g which preserve the decomposition g c = s ⊕ s. It is easy to see that t is a J-invariant subalgebra of g. Hence t is a complex Lie algebra. Let T be the closed connected subgroup of G which corresponds to t. Then T is a compact complex Lie group and hence a torus. In particular, t is abelian. We can choose an ad(T )-invariant inner product on g, which is also J-invariant. Then with respect to this inner product we have an orthogonal ad(T )-invariant decomposition as in (5.47), where α j ∈ t * , s α j is defined as in (5.46) and a = {Z ∈ s : [X, Z] = 0 ∀X ∈ t}.
It follows easily from the definition of t that t c = a ⊕ a, i.e. t is a maximal abelian subalgebra of g and T is a maximal torus. Thus (5.45) is satisfied and hence ±α 1 , . . . , ±α m are all the roots. It follows from [s, s] ⊂ s that if α j + α k is a root, then α j + α k = α l for some l. Thus we can take the set of positive roots to be {α 1 , . . . , α m }. Hence, any left-invariant complex structure on a compact Lie group is determined by a choice of a maximal torus, a complex structure on its Lie algebra and a choice of positive roots.
In [19] Pittie has described the moduli of left-invariant complex structures on compact Lie groups. For semi-simple groups he has also studied the Dolbeault cohomology rings of such complex structures using Bott's Lie algebraic description of these rings [6] . Among other results Pittie has proved that the Hodge numbers h 0,p of a left-invariant complex structure on a semisimple group G are the same as the corresponding Hodge numbers of the maximal torus T . It is not hard to see that this is true for any compact Lie group without requiring semi-simplicity:
